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Abstract We present an alternative definition for the Goussarov-Habiro 
filtration of the Z-module freely generated by oriented integral homology 
3-spheres, by means of Lagrangian-preserving homology handlebody re- 
placements (LP-surgeries). Garoufalidis, Goussarov and Polyak proved 
that the graded space {Qn)n associated to this filtration is generated by 
Jacobi diagrams. Here, we express elements associated to LP-surgeries as 
explicit combinations of these Jacobi diagrams in {Qn)n- The obtained co- 
efficient in front of a Jacobi diagram is computed like its weight system with 
respect to a Lie algebra equipped with a non-degenerate invariant bilinear 
form, where cup products in 3-manifolds play the role of the Lie bracket 
and the linking number replaces the invariant form. In particular, this 
article provides an algebraic version of the graphical clover calculus devel- 
oped by Garoufalidis, Goussarov, Habiro and Polyak. This version induces 
splitting formulae for all finite type invariants of homology 3-spheres. 

AMS Classification 57M27; 57N10 
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1 Introduction 

In 1995, in |Uht j . Tomotada Ohtsuki introduced a notion of finite type invari- 
ants for homology 3-spheres (that are compact oriented 3-manifolds with the 
same homology with integral coefficients as the standard 3-sphere 5"^), fol- 
lowing the model of the theory of Vassiliev invariants for knots in the ambient 
space M'^ . He defined a filtration of the real vector space freely generated by ho- 
mology 3-spheres and began the study of the associated graded space. In |Lej . 
Thang Le finished identifying this graded space to a space of Jacobi diagrams 
called ^ir(0). The Jacobi diagrams, precisely defined in Subsection 12.11 are 
represented by trivalent finite graphs with additional orientation information. 

© Qeometry & Topology Vublications 




72 



Emmanuel Auclair and Christine Lescop 



Similar filtrations of the Z -module freely generated by homology 3 -spheres 
and their relationships have been studied by Garoufalidis, Goussarov, Polyak 
and others. See |GGPj and references therein. Over Z[l/2], all of them are 
equivalent to the Ohtsuki filtration [GGPj . 

Among these filtrations, the most convenient one is the Goussarov-Habiro one 
where the Matveev Borromeo surgeries iMatj (defined in Subsection 12. 2|1 play 
the role of the crossing changes in the knot case. It allowed Garoufalidis, Gous- 
sarov and Polyak to define a set of generators ^n(r) for the degree n part Qn 
of the associated Goussarov-Habiro graded Z-module, for Jacobi diagrams F 
with at most n vertices {(iKilPj . See Subsection 12. .SI Garoufalidis, Goussarov 
and Polyak also gave some graphical rules that allow one to reduce an element 
to a combination of their generators. This set of rules is the so-called clover 
calculus. Here, these rules are enclosed in two propositions 14. l51 and \Ka\ 

Our main theorem 13.51 expresses elements of Qn associated to the LP-surgeries 
defined in Subsection l3.11 as explicit combinations of the ^n(r) , in terms of in- 
tersection forms (or cup products) and linking numbers. Therefore, this article 
presents a completely algebraic version of the Garoufalidis-Goussarov-Habiro- 
Polyak clover calculus. Furthermore, it tightens the links between Jacobi di- 
agrams and topology by relating the vertices of the Jacobi diagrams to cup 
products in 3-manifolds and the diagram edges with linking numbers. 

We also give an alternative definition of the Goussarov-Habiro filtration of 
the Z-module of integral homology 3-spheres, by means of LP-surgeries. See 
Corollary O 

Let us now give a slightly more specific description of our main theorem 13.51 

A homology genus g handlebody is an oriented compact 3-manifold with the 
same integral homology as the standard genus g handlebody Hg . The boundary 
dA of such a manifold A is then homeomorphic to the genus g surface dHg. 
The Lagrangian La of A is the kernel of the map induced by the inclusion 
from Hi(dA;7j) to Hi(A;7j). A Lagrangian-preserving surgery or LP-surgery 
on a homology sphere M consists in removing the interior of such a homology 
handlebody {A C M) and replacing it by another such B whose boundary dB 
is identified to dA so that Ca = Cb- 

In our definition of the Goussarov-Habiro filtration [Tn)n&i of the Z-module 
= freely generated by the oriented homology spheres up to orientation- 
preserving homeomorphisms, the n^^ module J-n is generated by brackets [D] 
of so-called n -component LP-surgeries D that are made of n disjoint LP- 
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surgeries {Ai,Bi) in Af. (The Ai are disjoint in M .) 

[D] = Yl (-1)"^ \ U,ejInt(A,)) U9 (Uj^jB,)) . 

JC{l,...,n} 

Our main result expresses the bracket [D] of an n-component LP-surgery D 
as 

r 

in Qn = J-'n/J'n+i , where the coefficient i{D; T) of ^n(r) is an exphcit function 
of the cup products in the manifolds {Ai L) —Bi) , of the linking pairings on 
Hi{Ai)^Hi{Aj) , i j , and of variations of the Rohlin invariant when replacing 
Ai by Bi. 

Let us roughly define i{D; T) when n is the number of vertices of T and when 
r admits no non-trivial automorphism. The general definition of i{D; T) is 
given in Subsection 13.21 When a bijection a from the set of vertices of F to 
{1, . . . ,n} is given, the algebraic intersection of surfaces (or the cup product) 
of each {Ai U —Bi) is placed at the vertex a~^{i). The cup products are next 
contracted along the edges with respect to the linking pairing to produce a 
number i{D;T;a), and i{D;T) = ^a-^i^'^^'^)- This construction is similar 
to the construction of weight systems associated to Lie algebras. 

The proof of Theorem 13.51 goes as follows. We first prove that the standard 
Goussarov, Garoufalidis and Polyak generators have appropriate coefficients 
in Subsection 14.11 Then we use the similarities between the behaviour of the 
bracket in and the behaviour of our coefficients to reduce the proof to this 
former case. 

Though this article is largely inspired by |GGPj , it is written in a self-contained 
way in an attempt to replace all the graphical arguments in |GGPj by more 
intrinsic arguments of geometric or algebraic topology. 

Theorem 13.51 can be used to derive formulae on the behaviour under LP- 
surgeries of all finite-type invariants of homology spheres in the Goussarov- 
Habiro sense. For example, it immediately leads to splitting formulae for the 
restriction to homology spheres of the Kontsevich-Kuperberg-Thurston univer- 
sal finite-type invariant Zkkt of rational homology spheres. In |L2], the second 
author proved that these formulae generalise to rational homology spheres and 
to rational homology handlebody replacements that preserve the rational La- 
grangians. These generalized splitting formulae are fairly easy to guess from 
the Kontsevich-Kuperberg-Thurston construction (but much harder to prove 
in general), they actually led the second author to the formulae of Theorem 13. 5 1 
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These formulae had been previously noticed by G. Kuperberg and D. Thurston 
in the special case where rational homology handlebodies are reglued by a home- 
omorphism that induces the identity in homology jKTj . This special case is 
sufficient to prove that Z^kt is universal among finite-type invariants of ho- 
mology spheres. 

The second author thanks Thang Le, Gregor Masbaum and Dylan Thurston 
for useful and pleasant conversations. 

2 Background 
2.1 Jacobi diagrams 

In what follows, a Jacobi diagram F is a trivalent graph without simple loop 
like -O • Let V{T) and E(T) denote the set of vertices of F and the set of 
edges of F, respectively. A half-edge c of F is a pair c = (v(c);e(c)) where 
v{c) E ^(F), e(c) E E{T) and v{c) belongs to e(c). The set of half-edges of F 
will be denoted by H(T) and its two natural projections above onto V'(F) and 
E{T) will be denoted by v and e, respectively. An automorphism of a Jacobi 
diagram F is a permutation (j) of H(r) verifying the two following conditions 



for any c, c' E H(T) . An automorphism (/> of a Jacobi diagram F preserves the 
vertices of F if 



Let Aut(F) be the set of automorphisms of F. Let Auty(F) denote the set of 
automorphims of F that preserve the vertices of F. Let jjAuty(F) denote the 
number of automorphisms of F that preserve the vertices. A vertex- orientation 
of a Jacobi diagram F is an orientation of each vertex of F, that is a cyclic order 
of the three half-edges that meet at that vertex. Two vertex-orientations of F 
are equivalent if and only if the cardinality of the set of vertices where they differ 
is even. An orientation of F is an equivalence class of vertex-orientations. An 
oriented Jacobi diagram is a Jacobi diagram carrying an orientation. A Jacobi 
diagram F is reversible if there exists an automorphism of F that reverses 
an orientation of F. For any automorphism (/> of F, set 



(e(c)=e(c')) {e{^{c)) = e{m)) 

^y^c)=v{c')) ^ {v{ct>{c))=v{m)) 



Vc E H{r),v{^{c)) = v{c). 




1 if (/) preserves the orientation 
-1 if (/) reverses the orientation. 
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Note that, for all G Auty(r), sign(0) = 1. 

The degree of a Jacobi diagram is half the number of all its vertices. Let 
Ak denote the free abelian group generated by the degree k oriented Jacobi 
diagrams, quotiented out by the following relations AS and IHX. 

AS-relation IHX-rclation 

Each of these relations relate diagrams which can be represented by immersions 
that are identical outside the part of them represented in the pictures. In the 
pictures, the cyclic order of the half-edges is represented by the counterclockwise 
order. For example, AS identifies the sum of two diagrams which only differ by 
the orientation at one vertex to zero. The space Aq is equal to Z generated 
by the empty diagram. In what follows, if T is an oriented Jacobi diagram, 
then — r denotes the same Jacobi diagram with the opposite orientation. If T 
is reversible, then T = —T. 



2.2 Y— graphs and the Goussarov-Habiro filtration 

Here, we briefly review the Y-surgery, or the surgery along Y-links, which is 
presented in |GGPj . The K-surgery is equivalent to the Borromeo transforma- 
tion in Matveev's work |Mat j . 



Let A be the graph embedded in the surface S(A) shown in Figure 1(a) In the 
3~handlebody (A^ = 11(A) x [—1,1]), the edges of A are framed by a vector 
field normal to S(A) = S(A) x {0}. S(A) is called a framing surface for A. 



Let L{A) C N he the link presented in Figure 1(b) with six framed components 
that inherit their framings from S(A). 

Let M be a 3-manifold. A Y-graph in M is an embedding (f) N (or S(A)) 
into M up to isotopy. Such an isotopy class is determined by the framed image 
of the framed unoriented graph A under 4> ■ A leaf of a Y^-graph <j) is the image 
under of a simple loop of our graph A. An edge of <j) is an edge of (/"(A) that 
is not a leaf. The vertex of (p is the unique vertex of (p{A) adjacent to the three 
edges. With this terminology, a Y-graph has one vertex, three edges and three 
leaves: 

Let G C M be a Y-graph. A leaf I of a Y-component of G is trivial if / bounds 
an embedded disc that induces the framing of /, in M \ G. 
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(a) (b) 

Figure 1: Y-graph and associated link 




vertex 



The Y-surgery along the Y-graph (p{A) is the surgery along the framed link 
(f>{L{A)) (see jRol, Chapter 9], or |Licl Chapter 11] for details about surgery on 
framed knots). The resulting manifold is denoted by M0(yV) • An n -component 
Y-link G C M is an embedding of the disjoint union of n copies of N into M 
up to isotopy. The y-surgery along a y-link G is defined as the surgery along 
each y-component of G. The resulting manifold is denoted by Mq- 

In this article, the homology coefficients will always be integers. A Z-sphere is a 
compact oriented 3-manifold M such that H^{M) = H^,{S'^). It is also called 
a homology sphere. A homology handlehody or "L-handlehody is an oriented, 
compact 3-manifold A with the same homology (with integral coefficients) as 
the standard (solid) handlebody Hg below. 




ai 02 ag 



Note that the boundary dA of such a Z-handlebody A is homeomorphic to the 
boundary of Hg. For any surface S, let be the intersection form on 

-ffi(S) . For a Z-handlebody A, Ca denotes the kernel of the map from Hi{dA) 
to Hi{A) induced by the inclusion. It is a Lagrangian of {Hi{dA); {,)dA)- It 
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is called the Lagrangian of A. 

If A is a Z-handlebody and if G is a y-link in the interior Int(j4) of A, then 
Aq is still a Z-handlebody whose boundary dA is canonically identified with 
dAc , so that = ^Aq ■ Similarly, if G is a y-link in a homology sphere M , 
then Mq is still a homology sphere. 

Let J- be the abelian group freely generated by the oriented Z-spheres up to 
orientation-preserving diffeomorphisms. Let M be a Z-sphere and let G C M 
be a y-link with n components indexed by {1, . . . ,n}. For any subset J C 
{1, . . . , n} , let G( J) be the y-sublink of G made of the components of G whose 
indices are in J. Set 

JC{l,...,n} 

Let Tn denote the subgroup of generated by all the elements [M, G] , where 
G is an n -component y-link in a Z -sphere M . This defines a filtration 

oi T . It is called the Goussarov-Habiro filtration (see |GGPj and |Hboj ) . Set 

Qn = ^n/ ^n+l- 



2.3 Linking Jacobi diagrams to the Goussavov— Habiro filtra- 
tion 

Below, following [(TCjPj . we describe a surjective map from ©2fc<n^fc to Qn, 
whose tensor product by Z[l/2] is an isomorphism. Let k and n be integers 
such that 2k < n. Let F be a degree k oriented Jacobi diagram. Let F be 
an arbitrary framed embedding of F in , where the framing is induced by a 
regular projection of F in that induces the counterclockwise orientation of 
the trivalent vertices of F. Insert a Hopk link on each edge of F as illustrated 
in Figure 2(a)[ Let G(r) denote the resulting y-link in . 



Let Yjjj be the framed y-graph embedded in shown in Figure |2(b)| Let 
(/)„(F) be the disjoint union of G(F) and n — 2k copies of Yui ■ 

Theorem 2.1 |(;(;PI Theorem 4.13] The linear map 
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(a) (b) 
Figure 2: Turning a Jacobi diagram into a y~link 

does not depend on the choice of (pn , is well-defined and is surjective. Moreover, 
in Qn, 

2^'„(0 A) = 0. 

2k<n 

That is independent of the choice of (j)n , factors through AS and satisfies 
2^ni®2k<n^k) = is a consequcnce of Proposition 14. 131 proved below. In this 
article, the class [M, G] € Gn of the bracket [M, G] of any n-component y-link, 
will be expressed as an explicit combination of the ^'n(r) for oriented Jacobi 
diagrams T with at most n vertices. Therefore, the surjectivity of will be 
reproved. For the sake of completeness, a proof that factors through IHX 
is given in the appendix. 

3 Statement of the main result 

3.1 LP— surgeries 

An n -component LP-surgery is a 3-tuple 

D = {M-n-{Ai,Bi),=i^,„^n) 

where 

• M is a homology sphere, n G N, 

• for any i = 1, 2, ... n, Ai and Bi are Z-handlebodies whose boundaries 
are identified by implicit diffeomorphisms (we shall write dBi = dAi ) , so 
that = C-Ai , 

• the disjoint union of the Ai is embedded in M . We shall write 

U^^^A, C M. 
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For such an LP-surgery D, and for any subset J C {1, . . . , n} , set 

D{J) = (M;SJ; {Ai,Bi)i^j). 

Let M£,(^j^ denote the homology sphere obtained by replacing Ai by Bi for any 
element i of J. 

Md{J) = {M \ jlnt(^i)) IJ ( J Bi) . 

Define 

[D]= E eT. 

JC{l,...,n} 

The following proposition will be proved in Subsection 14.21 
Proposition 3.1 For any n-component LP-surgery D, 

[D] G Tn. 

Conversely, any n-component y-link G = (Gj)jg{i in a homology sphere 
M, induces the n-component LP-surgery 

(M;G) = (M;n; 5,),=i,„„„) 

such that, for any i in {l,...,n}, Ai is a regular neighbourhood of the Y- 
component d of G, and Bi = {Ai)G,. Then [(M;G)] = [M,G] and (M; G) is 
called the LP-surgery induced by G. 

This allows us to give the following alternative definition for the Goussarov- 
Habiro filtration. 

Corollary 3.2 JF„ is the suhspace of T generated hy the elements [D] , where 
D runs among the n-component LP-surgeries. 

In what follows, for any n-component LP-surgery D, [D] denotes the class of 
[D] in Qn- It is called the bracket of D. 

3.2 The linking number of an LP— surgery with respect to a 
Jacobi diagram 

This subsection is devoted to the definition of the linking number i{D; T) of 
an n-component LP-surgery D with respect to a degree k Jacobi diagram F, 
with 2k <n. 
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Let r be an oriented degree k Jacobi diagram. Define a map 

h: iJ(r)^{l,2,3} 
such that, for any vertex it; of F, the map 

h^: v-\w) ^ {1,2,3} 

is a bijection. Set 

sign(/i) = Yi sgn(/i^) 
weV{T) 

where, for any vertex w oi T , sgn(/i^) = 1 if the orientation of w is induced 
by the order of the half-edges given by hy,, and sgn(/i^) = — 1 otherwise. A 
coloration of T is a bijection a: V{T) — > {1, . . . ,2k}. Below, a also denotes 
the induced map aov: H(T) — > {l,...,2k}. Let D = (M; 2k; {Ai,Bi)) be 
a 2A; -component LP-surgery. Let us define the linking number i{D; T; a) of D 
with respect to T and a. 

The boundary of an oriented manifold is always oriented with the outward 
normal first convention. The Mayer— Victor is boundary map 

di,MV' H2{Ai UQAi —Bi) — >■ CAi, 

that maps the homology class of an oriented surface to the oriented bound- 
ary of its intersection with Ai, is an isomorphism. This isomorphism carries 

the triple intersection of surfaces in the closed 3-manifold (Ai Ug^. —Bi) on 

(g)^ H2{Ai DoAi -Bi) to a linear form I{Ai, Bi) on ^"j—i c}'^. which is antisym- 
metric with respect to the permutation of two factors, where denotes the 
j'^ copy of ■ Then the linear form I{Ai, Bi) is an element of (2)j=i i^A^)* 
where {^a])* denotes the dual Hom(/:^];Z) of £,'£. Let c e H{T). Define 




The linear form 2(Ai,Bi) belongs to 

(g) X{c). 

{cG-ff(r); (T(c)=i} 

Then define 

TiD;T;a)=sign{h) (g) G (g) X{c). 

wev{r) ceH(T) 

Note that T{D;T;a) is independent of h. 
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Notation 3.3 Let A be a Z-handlebody. Then Hi{A) is canonically isomor- 
phic to Furthermore, the intersection form { ,)dA induces the map 

( , .): H,{dA) L\ 

X I — > { . , x) 

that in turn induces an isomorphism from ^^j^^'' to C\. Then 
will denote the composition of these two isomorphisms. 

For {i, j'} C {1, 2, . . . , 2A;}, the linking number in M induces a bilinear form on 
Hi{Ai) X Hi{Aj) that is viewed as a linear form on C\. ® C\. via ip'^ ® . 
Therefore, for each edge / € -E(r) made of two half-edges c and d (such that 
e~^(/) = {c, d}), the linking number yields a contraction 

If. X{c)^X{d) — > Z. 

Applying all these contractions to the tensor T{D; F; a) maps T{D; F; a) to the 
integral linking number i{D;T;a) of D with respect to F and a. 

For any automorphism (p in Aut(F), let 

<p,: v{r)^v{r) 

denote the bijection such that v o (p = (p^ o v. Let Bij(F) denote the set of 
colorations of F. Then Aut(F) acts on Bij(F) by the action 

(f) . a = ao ((^^,)"^ 

Let Bij(F)/Aut(F) denote the quotient of Bij(F) under this action. Note that, 
for any automorphism (/> of F, 

e{D;T;a)=sign{cP).i{D;T;(P . a). 

The following lemma is proved at the end of the next subsection. 

Lemma 3.4 There exists an integer iQ{D;T; a) such that 
£(D;F;a) =tJAuty(F) . 4(Z);F;a). 

In what follows, for any Z~sphere M, /i(M) E Z/2Z will denote the Rohlin 
invariant of M that is the reduction mod 2 of the Casson invariant (see |GM1 
Proposition 1.3, Definition 1.6]). 
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For any n-component LP-surgery D = (M; n; (^j, Sj)) and for any subset 
J C {1, . . . ,n}, set 

J)) = H {n{{M \ Int(A)) U Bi) - /x(M)) . 

ie({l,...,n}\J) 

Let r be an oriented degree k Jacobi diagram. Let D = (^M;n; {Ai,Bi)) be 
an n-component LP-surgery with 2k < n. Here, we define the linking number 
e{D;r) of D with respect to T. 

• If 2k = n and if F is not reversible, then set 

aGBij(r) " ^ ^ 

Note that 

e{D;T)= Yl MD;r;a). 
CTeBij(r)/Aut(r) 

• If 2k = n and if F is reversible, then set 

e{D;T)= £Q{D;T;a) G Z/2Z 

CTeBij(r)/Aut(r) 



where io{D;T;a) € Z/2Z denotes the mod 2 reduction of io{D;T;a) 
• li 2k < n, then set 

£{D;T)= J2 £{D{J)-T) . C{D{J)) G Z/2Z. 

{JC{l,...,n} ; P=2k} 



3.3 Expression of brackets of LP-surgeries in terms of Jacobi 
diagrams 

Let G N. Let Jn be a set of oriented Jacobi diagrams of degree at most n/2 
that contains one Jacobi diagram in each isomorphism class of non-oriented 
Jacobi diagrams of degree at most n/2. The main goal of this paper is to show 
the following result. 

Theorem 3.5 Let D he an n-component LP-surgery. Then 

W]=Y1 ^(Ar).*„(F)Gg„. 
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Proof of Lemma 13.41 For any i G {1, . . . , 2k}, let {a^-)j^j. be a basis of , 
where Jj = {1, . . . ,gi} and gi is the genus of dAi. Let {zj)ji^j- be the basis of 
Hi{Ai) such that, for any k and ^ in Jj, {ipAi{zl))(al) = 5ki- Let ci, C2 and 
C3 be the three half-edges of F such that o"(cfc) = i and h{ck) = k. Then 

(ii.i2.J3)6-^f \ ^^-^s \ fc=l,2,3 

il<i2<j3 

where 93Ai(-z] ^^.j) G -'^(cfc), ^3 denotes the set of the permutations of {1,2,3} 
and sgn(r) denotes the signature of the permutation r. 

Let 7l!(F) denote the set of maps h' : H{T) — > {1, 2, 3} such that h^v^^^w)) = 
{1,2,3} for any w G ^(F). Set 

2k \ 

eHiJ.f ■,yie{i,...,2k}, jl<j^<jl\. 
i=i ) 

For any j G J, set = Wlt^l{Ai, Bi){a)^,a)^,a%) . Then 

r(AF;a)= 5: sign(/i') (g) V^A.(.) f ) • 

Then i{D] F; cr) = X]/i'GH(r) ^(-^5 -l^! ^5 where 

1{D- F; a; /.') = sign(/i') J] ( H ^K^tH) > ^^fe) )) ■ 

jGJ ^e={ci,c2)e-E;(r) ■''''('=1) ■^'^'(=2) / 

For any automorphism Q G Auti/(F), £{D;T;a;h' o() = £{D;T;a;h'). Then 
£o{D;T;a) is the sum of the integers £{D]T;a]h') running over all classes h' 
of 7i:(F)/Autv(F). □ 



J — { (ill J2'i3' • • • T j? ^ 32^ y ji^) 



4 Proof of the theorem 

4.1 Proof of Theorem 13.51 for LP— surgeries induced by Jacobi 
diagrams 

Here we prove Theorem 13.51 when D = (5^; (?!>„(Fy)), where the y-link 0„(Fy) 
is the image of a Jacobi diagram Fy under the map of Subsection 12.31 It is 
a direct corollary of the proposition below (and of Theorem 12. 1|) . 
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Proposition 4.1 Let T be an oriented degree k Jacobi diagram. Let Ty 
be an oriented degree k' Jacobi diagram. Let n be an integer such that n > 
max{2k, 2k') . Then 

(I if Ty ^ r 
£(0„(ry);r) = <^ -1 if Ty ^-r 

[ if Ty ^ ±r 

where T = T' iff T and V are isomorphic as oriented Jacobi diagrams. 

Lemma 4.2 Let G be a framed Y-graph embedded in the interior of a 3- 
handlebody A as in Figure\^ Let B be the X-handlebody obtained by Y- 
surgery on A along G. Let (ai, a2, as) C dA be the oriented curves represented 
in Figure\^ Then (01,02,03) is a basis of La = Lb and 

\{T{A,B)){ax®a2®az)\ = 1. 




Figure 13 



Proof Tliis can be computed directly, or we can use that 

A UoA {-B) = X X 

{^A U (— -B) is the manifold obtained by surgery on the 0-framed Borromean 
link in that is (5"^)^, see |Thu[ 13.1.5]). Let S*!, 5*2 and ^3 be the three 
following surfaces in (5^)^. 

= {*} X 51 X 51 

52 = 51 X {★} X 

53 = xS^ X {*}. 

Let I € ((8)^-ff2((5^)^))* be the intersection form of A UaA {-B) = {S^f. 
Since S*! n ^2 fl Ss = {*} x {*} x {*} is a single transverse intersection point, 
then 

\I{Si®S2®S3)\ = 1. 
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By the isomorphism from ff2((5'^)^) to Ca induced by the Mayer- Vietoris 
boundary map, (01,02,03) can be seen as a basis of H2[{S^)^) . Therefore, 
I{Si (8) 5*2 fS) 5*3) is a multiple of [l{A, B)^ (oi ^ 02 ^ 03) . Then 

I (2:(^,S))(ai (8)02003)1 = 1. □ 
Lemma 4.3 /i(S'y^^^) = 1 

This lemma is a direct consequence of Corollary 14.211 that is proved in Subs- 
section 14.41 It relies on the results of Subsections 14.21 and 14.31 that are logically 
independent of the proof below that illustrates our formulae. 

Proof of Proposition 14.11 

• First assume that 2k = 2k' = n. 

Let o" be a coloration of T. Let D = (S^; (/)„(ry)) = (M; n; (j4j, i?j)) be the 
LP-surgery induced by the y-link (pni^v) ■ Each pair (Ai, Bi) is a copy of the 
pair {A,B) presented in Lemma Let i S {l,...,n}. Let (01,02,03) be 
the basis of that corresponds to the curves (01,02,03) in Figure 01 Let 
{z\,Z2,zl) be the basis of Hi{Ai) that corresponds to the curves {zi,Z2,zs) in 
Figure IHl Under the (implicit from now on) isomorphism 

presented in Notation 13. 31 {z\,z\,z\) is the dual basis to (0*1,02,03), i.e. 

WaM)){4) = hi- 

Then 

I{Ai, B.i) = sgn(T) l{A, B) (oi (g) 02 (8 03) z^^-^-^ ® 2^(3) ® 4(3) • 

T 

Since | (T(A, 5)) (oi (g) 02 O 03)] = 1 by Lemma lO 

T{D-T-a) = sign{h) Yl iiU'^^^^^)) ® <t(Mc)) 
(rOe(53)" ^ i=i ceH(r) 

where h is as in Subsection 13.21 For any r = (Tj)j=i^.,,^„ E ("^a)", let Ci'^yT) 
denote the map 

C(a;r): H{T) {1, . . . , n} x {1, 2, 3} 

c I — > (a(c),r^(c)(/i(c))). 

Let 

C: HiTy) X {1,2,3} 

c ^ (6(c), ^(c)) 
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be the bijection such that, for any half-edge c of Ty , ^fll'^) is the core of the 
leaf corresponding to c. Set (j){a; r) = o C((t; r) . Then (j){a; r) is a bijection 
from H(T) to H(Ty) such that 

• for any c, c' in H(T), w((/)((t; r)(c)) = t;((/)(o"; t)(c')) if and only if v{c) = 
v{c') 

• for any edge e = (c, c') of -ff (F) , 

{1 if (t){a; r) (c) and 4>{a; r) (c') 
belong to the same edge of Ty 
otherwise. 

Therefore 

e{D;T;a)= ^ sign(0(a; r)) 

{rE(tS3)^;(/'((T;r) is an isomorphism} 

where 

n 

sign(0(cr;r)) = sign(/i) (J|sgn(ri)). 

1=1 

Hence, if T ^ iry, then for any coloration cr of T, i{D;T;a) = 0, and 
i{D;T) = 0. 

Otherwise, there exists a coloration cr of T and a map r G (5^)" such that 
(j){a;T) is an orientation-preserving isomorphism from F to sign ((/)(cr; r)) Ty . 
For any map r' € (5^)" such that 0(cj;r') is an isomorphism, ((/)(cr; r'))^"*^ o 
4>{cr; r) is an automorphism of F that preserves the vertices. 

Then sign ((/)(cr; r)) = sign ((/)(cr; r')) . 

Conversely, any automorphism of Auty(F) provides such a map r'. Then 

£(Z);F;a) =sign((/>(a;r)) SAuty(F). 

For any other pair (cr'; r') such that (j){cr'; t') is an isomorphism from F to 
Fy, o"' is obtained from a by composition by an automorphism of F. Then 
i{D; F) = ^o(-C; F; cr) = sign(i?I)(c7; r)) and Prop osition 14 . 1 1 is proved in this case. 

• If 2k' < 2k = n, then ^(02A:(Fy); F) = because when A is the regular 
neighbourhood of 1///, the elements of Hi{A) do not link any element of the 
other Hi{Ai)'s. 

• When 2/c < n, let J C {1, . . . , n} and let J = {1, . . . , n} \ J. Let Jy be 
the set of indices of the 2/c'-component y-link G(ry) . See Subsection 12.31 
tJJy = 2k'. Set J^= {!,..., n}\Jy. 
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If Jy n J / 0, then C{D{J)) = since S^^ = when Yq is a Y-graph in 
with a trivial leaf. 



If Jy n J / 0, then £{D{J); F) = like in the previous case. Then 

ifky^k' 
1{D{Jy); r) . Jy)) if = k'. 



1{D-T) 



Then C{D{Jy)) = 1 by Lemma Ol and 1{D{Jy);T) = ^((/)2fc(ry); T) . Thus 
the result follows from the first case. □ 



4.2 Decomposition of LP— surgeries into surgeries on Y— links 

In this subsection, we recall known facts and state useful lemmas about the 
theory of Borromeo surgeries |Mat| KXirPj . We shall see all these facts as con- 
sequences of the following single lemma As an application of the theory of 
Borromeo surgeries, we shall prove Proposition 13.11 

Lemma 4.4 |GGP| Lemma 2.1] Let M he an oriented 3-inanifold (with 
possible boundary). Let G be a Y-graph in M with a trivial leaf that bounds 
a disc D in M\G. Then 

• for any framed graph Tq in M\G that does not meet D , the pair {Mq, Tq) 
is diffeomorphic to the pair (M, Tq) . 

• If T is a framed graph in M\G that meets Int(D) at exactly one point, 
then the pair {Mg,T) is diffeomorphic to the pair {M,Tg), where Tq is 
the framed graph in M presented in Figure 




Figure ^ 



Corollary 4.5 Let M be an oriented 3-manifold. Let S denote a genus 1 
surface in M . Let Ii and I2 be two intervals such that 

• as = /iu/2 

• /i n /2 = dh = dh 

• Ii and I2 are framed by a vector field normal to the surface T, . 
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Let T be a framed graph such that Ii = T fi S . Then there exists a Y-graph 
G in M\T with a trivial leaf that is a meridian curve of Ii such that the pair 
{Mg, T) is diffeomorphic to the pair (M, (T \ Int(/i)) U h) 

Lemma 4.6 [GGPl Theorem 3.2] Let A he the Y~graph in the 3-handlebody 



(N = S(A) X [—1,1]) presented in Figure 1(a) Then there exists a Y-graph 
A^^ in N \A such that the Y-surgery along A U A~^ does not change N . In 
particular, if M is a 3-manifold then, for any Y~graph G in M , there exists a 
Y-graph G~^ in a regular neighbourhood of G such that Mq^jq^i = M . 

Proof Let L be the framed hnk in \ A made of the two framed knots 
presented in Figure El such that A'^^^ = and such that A is isotopic to a Y— 
graph Aq with a trivial leaf in ■ Let L~^ denote a framed link in (AUL) 




Figure 5: Trivializing a leaf 

such that the surgery along LUL^^ is trivial in A^\A. Then corresponds 
to a framed link L' in A'^^;, . Then 

-^A = ^AULUL-I = (^l)AoUL'- 

The y-surgery along Aq is fully determined by Lemma 14.41 It takes the tube 
piercing the trivial leaf and makes it describe its complement in the boundary 
of a genus one surface. 

By Corollarv 14.51 there exists a Y-graph Aq ""^ in A''^ \ (Aq U V) that undoes it. 

^^=((^^^)aoua-)l'- 

After surgery on L', that does not change A^ since the surgery on L did not 
change A^, Aq corresponds to a Y-graph A~^ in A^\A such that the Y-surgery 
along A U A^^ is trivial. □ 

Remark 4.7 What is used in the above proof and will be used again is the 
following principle. Up to surgery along links, one leaf of a Y-graph can be 
assumed to bound a disk D (pierced by surgery arcs). Then surgery along that 
Y-graph amounts to move the pack T of framed surgery arcs piercing D as 
indicated in Lemma [4.41 that therefore fully determines the effect of the surgery 
along the Y-graph. 
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Lemma 4.8 Let (p be an embedding of the genus g handlebody Hg into 
. Let zi,...,Zg denote the curves in dHg presented in Figure\^ If each 
curve (j){zi) bounds an embedded surface in S"^ \ lnt{(j){Hg)) , then there exists 
a Y-link G in 5^ \ <j){Hg) such that Sq = and the curves (j){zi) bound 
embedded discs in Sq \ lnt{<p{Hg)) . 




Proof Thanks to Corollary 14.51 and to the fact that any orientable surface is 
a connected sum of genus one surfaces, there exists a y-link Gi in \ (t>{Hg) 
such that Sq^ = and 4>{zi) bounds an embedded disc Di in \ 4>{Hg) 
after y-surgery on Gi . In particular the lemma is true for g = \. Assume 
that the lemma is true for handlebodies of genus — 1 . We shall use this 
induction hypothesis for a regular neighbourhood of (l){Hg) U Di equipped 
with the curves (p{z2), . . . , 't'izg) that are still homologically trivial in \ N . 
Let Gi C S^,^ be the union of the 3-handlebodies reglued during the y-surgery 
on Gi . By induction hypothesis, there exists a y-link G2 in Sq^ \ N such that 
{Sq_^)g2 = the curves (p{z2), • • • , (pi^g) bound embedded discs in S'^\N 

after y-surgery on G2 ■ After a possible isotopy in Sq_^ , G2 avoids Gi . Then 
G2 corresponds to a y-link G'2 in \ UGi) such that GiUGg satisfies 

the conclusion of the lemma. □ 

Let M be a Z-sphere. Let ik denote the linking number in M . Let L C M 
be a link, and let Li, . . . ,L„ be the components of L. Then L is algebraically 
split if and only if 

{i^j) {£k{Li,Lj) = 0). 
Then Lemma 14.81 induces the following corollary. 

Corollary 4.9 f |Matl Lemma 2] or |MNl Lemma 1.2]) Let L be an alge- 
braicaUy spht hnk in . Then there exists a Y-link G in S"^ \ L such that 
Sq = S^ and L is trivially embedded in Sq . 

Proof Embed Hg in so that the curves Zi are the components of L. □ 
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Theorem 4.10 |Mat[ Theorem 2] If M and M' are homology spheres, then 
there exists a Y-hnk G in M such that Mq = M' . 

Proof Since any Z-sphere can be obtained by surgery on S"^ along an alge- 
braically split link framed by ±1 (see {(irMI Lemma 2.1]), and since the surgery 
on the trivial knot in S"^ framed by ±1 gives Theorem OT71 IS an easy 
corollary of Lemma 14.61 and Corollary 14.91 □ 



Then we can prove the following useful lemma (see Hbg| Theorem 2.5], too) 



Lemma 4.11 Let A and B he two Z-handlebodies with the same genus, 
whose boundaries are identified so that La = Cb- Then there exists a Y-hnk 
G embedded in the interior of A such that Aq = B, where the identification 
of dA with dB is induced by the natural identification of dA with dAc ■ 



Proof Let us first prove the lemma when B = Hg is the standard handlebody 
of genus g with the boundary of A identified with the boundary of Hg so 
that Ca = C-Hg ■ Embed Hg trivially in so that 

Hg = S^\ lnt{Hg) 

is a standard ^(-handlebody. Let zi, . . . , Zg be the meridian curves of Hg on 
Eg presented in Figure [Tj 




C53 



Zl Z2 Zg 

Figure [7| 



Let M = (53 \ int{Hg)) Us, A = Hg Ue, A. 

Then M is a Z-sphere. Thus, by Theorem I4.1U1 there exists a y-link G C M 
such that Mg = . By isotopy, G can avoid Hg . Then 

= Ag Ue, H, 

Now Ag is the complement in S"^ of a possibly knotted g-handlebody Hg. 
Thanks to Lemma there exists a F-hnk G' C lnt{AG) such that S^, = 
and Hg is embedded in Sq, so that the curves Zi bound embedded discs in 
AguG' ■ Thus Agug' = Hg with the expected boundary identification. The 
general case follows easily with the help of Lemma 14.61 □ 
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We have the following obvious lemma. 

Lemma 4.12 Let D = (M; n; {Ai, Bi)) be an n -component LP-surgery. Let 
A'l be a "Z-handlebody such that dA'^ and dAi are identified so that Lj^^ = 

Ma'JA, = {M \ lnt{Ai)) UdA^ A[ 

denote the manifold obtained by surgery on M along the pair (^i,^'^). Set 

D' = {M;n;{A,,A[),{A2,B2),...,{An,Bn)) 
D" = {MA'^/A,;n;{A[,Bi),{A2,B2),...,{An,Bn)). 

Then 

[D] = [D'] + [D"]. 

Proof of Proposition Let D = {M;n; {Ai, Bi)) be an n -component 
LP-surgery. Thanks to Lemma I4.1H for any i G {l,...,n}, there exists a 
y-link C Int(^j) such that {Ai)Qi = Bi. Let ki denote the minimal num- 
ber of components for such a Gi . Consider the sum k = h ■ 

If there exists i G {1, . . . , n} such that ki = 0, then [D] = G J-'n ■ If, for all i, 
ki = 1, then [D] G J-n by definition. Therefore [D] G J^n if k <n. 

li k > n, assume that ki > 1, without loss of generality. Then there exists a 
Z-handlebody A[ verifying the hypotheses of Lemma 14.121 such that A[ can 
be obtained from Ai by y-surgery along a Y-graph in Int(Ai), and Bi can 
be obtained from A'^ by y-surgery along a l^-link in Int(^']^) with ki — 1 
components. Thus, with the notation of Lemma 14. 121 [D'] G J^n and [D"] G J-n 
by induction on k. Then [D] G J^n thanks to Lemma 14.121 The proposition 
follows. □ 

4.3 Review of the clover calculus 

In this section, we review the clover calculus following |GGPj . However we 
produce alternative proofs in the spirit of the present paper only based on 
Lemma 14.41 Furthermore, we summarize what we shall use about the clover 
calculus in Proposition 14.131 

A y-graph A is oriented if its framing surface 5](A) is equipped with an orien- 
tation. Such an orientation provides an orientation for every leaf and (a cyclic 
order) for the set of leaves of A. Figure |H1 shows the induced orientations when 
E(A) is given the standard orientation of M? . Reversing the orientation of S(A) 
reverses these four orientations. 
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Recall that a framing of a knot is a nonzero vector field normal to the knot, 
up to homotopy, or a parallel to the knot up to isotopy. In a homology sphere 
these two canonically equivalent notions are represented by the linking number 
of the knot and its parallel induced by the framing. This linking number is 
therefore also called the framing of the knot. 

The goal of this subsection is to prove the following proposition. 

Proposition 4.13 Let G be an oriented n-component Y-link in a Zsphere 
M. 

(i) The bracket [(M;G)] (in Qn) is a function independent of M of 

— the Unking numbers £k{l, I') where I and I' are leaves in two distinct 

Y-components of G 

— the products f{h)fih)fih) where li, I2 and are leaves of a same 
Y-componcnt, and where f{l) is the framing of I in Z/2Z. 

(ii) Fix G except for a leaf I in the complement of the other parts of G . Let 
[Z] denote the class of I in H\{M \ Uf^il'), where the union runs over all 
leaves I' distinct of I. Then the bracket ([(M;G)] G Gn) of G is a linear 
map of ([/],/(/)) eHi{M\ Ui>^il') x Z/2Z. 

Lemma 4.14 Let G be an oriented n-component Y-link in a X-sphere M . 
The bracket [(M; G)] is a function independent of M of 

• the linking numbers £k{l, I') where I and I' are leaves of G 

• the framings f{l) where I runs over the leaves of G. 

Proof Let T be the diagram made of n copies of the diagram A connected by 
an additional edge from the internal vertex of A to a common n-valent vertex 
p. Embed T in M^. Let A be a regular neighbourhood of T in R^. Then A 
is a union of a ball B with n copies of the genus 3 handlebody N that are 
glued on dB along n disjoint discs. Let (f>G '■ A — > M be an embedding of 
^ in M that extends the embedding G. Set Z = M \ lni((pG{A)). Then Z 
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is a genus 3n homology handlebody whose Lagrangian Cz C Hi{dA) is fully 
determined by the framings and by the linking numbers of the leaves of G. 
Therefore if G' C M' is another oriented n-component y-link with the same 
linking numbers and framing data, then Z' = M' \ Int {(pQi {A)) is a homology 
handlebody with the same lagrangian as Z in Hi(dA). 

By Lemma 14.111 there exists a y-link G" C Int(Z) such that Zgh = Z' . Then 
[{M';G')] = [{Mg";G)]. If G" is a o ne -component F-link, then [(M;GUG")] = 
[(M; G)] - [{Mg" ; G)] , and [(M ; G )] = [{Mg" ; G)] . B y inducti on on the nu mber 
of components of G" , [{M; G)] = [{Mg";G)] . Then [(M; G)] = [(M'; G')] . □ 

A framed knot Ki%K2 is a hand sum of two framed oriented knots Ki and K2 
if there exists an embedding of a 2 -hole disk 

• that factors the three knot embeddings by the embeddings of the three 
curves pictured in Figure IHl representing the disk, and 

• that induces the three framings. 
Note that 

f{Ki%K2) = f{K{) + f{K2) + 2ik{K^,K2). 




Figure 9: Band sum of two knots 

Lemma 4.15 |GGPl Theorem 3.1] Let G be an oriented framed Y -graph 
with leaves Ki, K2, K3 in a Z -sphere M . Assume that K3 is a hand sum 
of two framed knots and K^. For k = 1 and 2, let and be 
two parallels of Kk equipped with the framing f{Kk) of K^, and such that 
lk{KlKl) = f{Kk). Then 

(i) There exist two oriented disjoint framed Y-graphs G^ and G^ in M 
whose framed leaves are Kf, Kl, Kl and Kf , K^, K^, respectively, 
such that the surgery along G is equivalent to the surgery along G^UG"^ . 

(ii) For any (n — 1) -component Y-link L in the complement in M of the 
embedded neighbourhood H of G represented in Figure C3 

[{M;LUG)] = [(M;LUG2)] + [(M;LUG3)]. 
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Figure El Splitting a leaf 



Proof The surgery operation on G is thought of as the move of two packs P2 
and P3 of arcs of surgery components that go through the two holes on the 
right hand-side of H in Figure ^1 as in E,emark 14.71 Then Lemma 14.41 savs 
that the surgery along G moves these two framed packs of arcs by adding the 
boundary of a genus 1 surface S. This operation can be made in two steps. 
Move P3 first, which means do the surgery along a y-graph G^ whose leaves 
are Kf, K2 and K^. Then move P2 so that it is parallel to dT, inside S. It 
can be done by a surgery along a Y^-graph G^ C H \ G^ whose leaves are Kf , 
and K^. Then Mg2^jg3 = Mq. Therefore 

[(M; LUG^U G^)] = -[(M; LUG)] + [(Af; L U G^)] + [{M; L U G^)] 

and 

[(M;LUG)] = [(M;LUG2)] + [(M;LUG3)]. □ 

Lemma 4.16 |GGPl Lemma 4.8] Let G C M be an n-component Y-link. 
Suppose that a Y-component of G contains a 2 -framed leaf I that bounds an 
embedded disc in M\G. Then [M,G] = 0. 

Proof If / is a 2-framed leaf that bounds an embedded disc in M \ G , then 
I is a band sum of two knots and that form a trivial Hopf link (see 
Figure [TT|) in M \ G . Thanks to Lemma 14.151 there exist two n-components 
y-links G^ and G^ with a trivial leaf such that 

[(M;G)] = [(M;G2)] + [(M;G3)]=0. □ 

Proof of part (ii) of Proposition 14.131 Consider the bracket of G as a 
function of a leaf Z of G by fixing G\l. According to Lemma 14.14( the bracket 
of G only depends on [/] G Hi{M\[Ji'^il') and on /(/). Applying Lemmas 14.151 
and 14.161 when adding a disjoint 2-framed trivial knot to I shows that this func- 
tion of / only depends on [/] and on f{l) mod 2. Then Lemma 14.151 implies 
(ii). □ 
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Figure 11: Two leaves that form the trivial Hopf link 

Lemma 4.17 IGGPl Lemma 2.3] Let G C M be an n-component Y~link. 
Suppose that G contains a Y-component with two leaves I and I' that form 
the trivial Hopf link of FisureHU Then [(M; G)] = 0. 

Proof The surgery along a y-graph with this trivial Hopf link is trivial: Think 
of this surgery as the move of surgery arcs along the boundary of the surface 
corresponding to these two leaves as in Lemma 14.41 It implies that the bracket 
of G vanishes. □ 

Definition 4.18 Let c be a curve in a surface E that is the image of 5^ x {vr} 
under an orientation-preserving embedding cp: x [0, 27r] — > E. A left-handed 
Dehn twist of S along c is the homeomorphism of T, that is the identity outside 
0(5-^ x]0, 27r[) and that maps 4'{z,t) to (p{ze~'^* , t) . 

Lemma 4.19 IGGP\ Theorem 3.1] Let H he an oriented Y-graph in a Z- 
sphere M . Let l~ and V he two oriented leaves of H , and let S he the genus 
one surface presented in Figure [121 Let I he an oriented parallel of l~ in S 
equipped with the framing induced hy S. Let I" he ohtained from I' hy a 
left-handed Dehn twist along I, and equipped with the framing induced hy the 
surface T,, that is f{l") = f{l) + f{l') + 2ik{l- ,1') - 1. Let H' he the Y^graph 
ohtained from H hy changing I' into I" . Then Mh = Mffi and, for any Y-link 




L in the complement in M of a neighhourhood of H , 

[{M;LUH')] = [{M;LUH)]. 
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Proof Thanks to Lemma 14.41 the surgery on H is uniquely determined by S 
that is unchanged by a Dehn twist of S. It imphes that Mfj = M^i and that, 
for any subhnk L{J) of L, Mx,(^j)\jh = ^l(j)\jH' ■ The equahty of the brackets 
follows. □ 

End of proof of Proposition 14.131 

• Let / be a leaf of an oriented y-component H oi G. Let I' be the next leaf 
of H (with respect to the cyclic order). We prove that increasing ik{l^ I') 
does not change [(M; G)] . By Lemma 14.151 adding a 0-framed meridian 
mo(/') of /' to / adds [(M; G(mo(/')/0)] to [(M; G)] , where G{mo{l')/l) 
is obtained from G by changing / into ■mo{l') . Now, /' = m' + I'q, where 
I'q does not intersect a disk bounded by mo(/'), and m' is a meridian of 
mo(/')- Then 

[(M;G(mo(n/0)] = [{ M;Gimo{l'),m' /IJ'))] 

+ [{M;G{mo{l'),l'Jl,l'))] 
= 

since G{mo{l'),m' is a y-link with a trivial Hopf link and since 
G{mQ{l'), Iq/1, I') has a trivial leaf. 

• To conclude, it is enough to show that if is a 0-framed leaf of G, 
if I' is the previous leaf in the component of in G (w.r.t. the cyclic 
order), and if I' is 1-framed, then changing the framing of /' into does 
not change [(M; G)] . By linearity, we may assume that I' is a trivial 
knot, and then it is enough to show that [(M; G)] = 0. By linearity on 
/~ , we can assume that is a 0-framed meridian of some leaf Iq in 
another y-component of G. Let G' be the y-link obtained from G by 
changing /' into the twisted curve I" = I + V as in Lemma 14.191 so that 
/(/") = f{l') + 1 = 0. Then /~ and /" are 0-framed meridians of Iq. 
By linearity with respect to /q) [(-^jC)] is the sum of brackets of two 
y-links with a trivial leaf. Then [(M; G')] = [(M; G)] =0. □ 

4.4 Proof of Theorem 13.51 for LP— surgeries induced by Y— links 

Here we prove Theorem 13.51 when D = (M; G) is an LP-surgery induced by a 
y-link G. 

Lemma 4.20 Let A and A' he two Z-handlebodies whose boundaries are 
identified so that Ca = J~-A' ■ Let Z and Z' be two other X-handlebodies whose 
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boundaries are identified so that Cz = Cz' ■ Assume that dA and {—dZ) are 
identified so that A Uqa Z is a "Z -sphere. Then 

fi{A uqa z) - ^(^' yjQA z) = ix{A \jqa z') - ^l{A' uqa z'). 

Proof For any Z-sphere M, let A(M) be the Casson invariant of M . Then 
H{M) = X{M) mod 2. Thanks to |Liil Theorem 1.3], 

UdA Z) - A(A' \J9A Z) - {\{A U9A Z') - \{A' yJaA Z')) 

is an even number. It imphes the result. □ 

Together with Proposition 14. 13l it implies 

Corollary 4.21 Let H he a Y-graph in a Z-sphere M . Let 

P = Kh)Kh)Kh) 

denote the product of the framings of the three leaves of H in Z/2Z . Then 

h{Mh) - /x(M) = p. 

Proof First, we prove that fx vanishes on J^2- Let G = Gi L) G2 be a 2- 
component y-link in a Z-sphere M . Let ^ be a regular neighbourhood of Gi . 
Let Z be the complement of Int(74) in M. Set A' = Aqi and set Z' = Zq^. 
Then j4 , A' , Z and Z' satisfy the assumptions of Lemma I4.2UI and 

^(Mg) - fi{MG,) - fi{MG,) + KM) 
= fi{A' U Z') - fi{A' UZ)- ^i{A U Z') + fi{A U Z) = 0. 



Then ^Mh) — fJ-iM) only depends on [(M; H)] € Gi , thus it only depends on 
the product p thanks to Proposition 14.131 and it vanishes when p = 0. 

Then ^Mh) — /x(M) = p since is a non-trivial invariant on T . □ 

Lemma 4.22 Let D = {M]2k — I; {Ai, B-i)i=2,...,2k) be a {2k — I) -component 
LP-surgery. Let N be a Z~handlebody in M\ (uf^a^O- Let {Ai,Bi) be a 
pair of Z-handlebodies such that A\ C Int(A^) and dA\ and dBi are identified 
so that Lax =Cb^. Set D{Ai,Bi) = {M;2k; {Ai, Bi)) . Let 

i,: Hi{Ai)^Hi{N) 

denote the homomorphism induced by the inclusion map of Ai into N . Set 

3 



Ji{Ai,Bi) = (®3 {i^oip^l)){l{Ai,Bi)) G(g)/7i(iV) 



1=1 
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where ipAi has been defined in Notation \3.3[ Then, for any oriented degree k 
Jacobi diagram T, there exists a hnear form 1^{D;T) in {(^^ Hi{N))* such 
that, for any pair {Ai, Bi) as above, 

£{D{Ai,Biy,r) = {Ji{Ai,Bi) , eNiD;r)). 
Proof Let a be a coloration of T . Set 

2k 

T'{D;T;a)=sign{h) (^I{A„Bi) € ®{cg/^(^);ao^,(c)>l}^(c). 

i=2 

Apply all the contractions corresponding to the edges that do not contain any 
half-edge c in {aov)^^{l) . These are all the edges except the three edges {c,j(c)} 
where c G {aov)~^{l) and j{c) is the other half-edge of e(c), and the obtained 
tensor is in ®{ceH(r);ao^(c)=i}^(i(c)) • Now apply ^{ceH{ry,aov{c)=i} '^aLo(c)) 
in order to obtain the tensor 

e'{D;T;a)e (g) 

The linking number maps Hi{A^„^(^j(^^^^) to (^Hi{N))* and therefore maps 
£'{D;T;a) to an element 

3 

1=1 

By definition, i{D;T;a) is the contraction of ^Ar(L';r;(7) (g) J'i{Ai, Bi) . Then 

<7eBij(r)/Aut{r) ^ ^ 

Proposition 4.23 Let n G N. Let M be a T^-sphere. Let T be an oriented 
degree k Jacobi diagram with 2k < n. Consider i{{M;G);T) as a function of 
oriented n-component Y-hnks G in M . Then 

• The Unking number 1{{M; G);T) only depends on 

— the hnking numbers ik{l, I') , where I and I' are leaves in two distinct 
Y-components of G 

— the products f (h) f (h) f (h) , where li , I2 and I3 are leaves in a same 
Y~component. 

• Considered as a map of a leaf I of G, i{{M;G);T) is a linear map in 
{[I], f{l)) e HiiM \ Uv^il') X Z/2Z. 
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Proof Assume n = 2k. Lemma |4.2'2I and the expression of I{Ai,Bi) given in 
Subsection 13.31 show that i{{M;G);T) does not depend on the framing of the 
leaves of G and that i{{M; G); T) , seen as a map of a leaf I of a component H 
of G, linearly depends on the homology class of / in M\{G\H) . It implies the 
result. If 2fc < n, the result follows from Corollarv 14.211 and from the previous 
case. □ 

Proposition 4.24 Let G he an n-component Y-link in a l^sphere M . Then 
Theorem \3.5\ is true when D = (M;G). 

Proof The simultaneous multilinearities of the bracket in Proposition 14. 13l and 
of the linking number of LP-surgeries induced by y-links in Proposition 14.231 
allow us to cut the leaves of G and to reduce the proof in the case where 

• The non-zero- framed leaves are it 1 -framed and bound discs disjoint from 
G. 

• Any -framed leaf is a meridian of another leaf. 

If a lb 1 -framed leaf is in a component with a 0-framed leaf, its framing can be 
changed without changing either side of the equality. Then we can assume than 
the only ibl-framed leaves are parts of components like Yjn . Similarly, we can 
assume that any -framed leaf is a meridian of one leaf in another component 
of G. Then, up to orientation changes of leaves, we can assume that G is a Y- 
link induced by a Jacobi diagram. Since Theorem 13. 51 is true for LP-surgeries 
induced by Jacobi diagrams, the result follows. □ 

4.5 Proof of Theorem 13.51 in the general case 

Let (A, B) be a pair of Z-handlebodies whose boundaries dA and dB are 
identified so that Ca = C-b- In what follows, 2{A,B) denotes the linear form 
on 0^ Ca induced by the intersection form on H2{A U (— -B)) , and 

if a: H^{A)^Ca 
denotes the isomorphism presented in Notation 13.31 

Lemma 4.25 Let A, B and C he three Z-handlebodies with the same genus. 
Assume that dA , dB and dC are identified so that Ca = Cb = Cc ■ Then 

I{A,B) = I{A,G)+2{G,B). 
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Proof Let ai , 02 and 03 be three oriented curves in dA that represent el- 
ements of Ca still denoted by oi , 02 and 03 such that the curves a, do not 
intersect each other. Let M = Au {—B) . For any i € {1, 2, 3}, let 5^ and 5^ 
be oriented surfaces in A and in B , respectively, such that Oj bounds S\ in A 
and ai bounds 5"^ in B. Assume that all the surfaces are transverse to each 
other and to dA. Set 

The orientation of and the orientation of M induce a positive normal vector 
field Hi on S^. The algebraic intersection (S]^^, S^)^^ is the sum of the 
signs of the intersection points, where the sign is defined as follows. For any 
intersection point x, the sign is +1 if [ni{x),n2{x),n^{x)) is a direct basis of 
TxM according to the orientation of M , and —1 otherwise. By definition, 

{l{A,B)){ai0a2®a3) = (S^^, Si^)M. 

Then 

(T(A, 5)) (010 02 003) = (S1^,S2^,S|^)m 

= {S\, S\, S\)m + ((-5],), {-SI))m 
= {S\, si S\)a + ((-Sij), i-S%), . 

Note that the normal vector field to S"^ induced by the orientation of 
and by the orientation of B is equal to the normal vector field to (— S^) induced 
by the orientation of (— 5*^) and by the orientation of {—B). Now, for each 
point of Sj^nS'^nS^, (n]j, n^, n'g) is direct according to the orientation of B 
if and only if it is not direct according to the orientation of {—B). It implies 
that 

{l{A,B)){ai(^a2^as) = {S\, S\, S\) a - {S},, Sl , Sl) b 
and the lemma follows. □ 

Lemma 4.26 Under the hypotheses of Lemma \4.12[ for any Jacohi diagram 

r, 

iiD;T) =i{D';T)+i{D";T). 

Proof The result follows from the equality I{Ai, Bi) = I{Ai,A'^) +I{A'^, Bi) 
given by Lemma 14.251 and from the equality 

C{D{{1}))=C{D'{{1}))+C{D"{{1})). □ 

Lemma 4.27 Consider an n-component LP-surgery 

D = (M; n; {Ai,Bi), (^2, ^2), • • • (^n, 5„)). 
Let A'^ and B[ be two I^-handlebodies such that 
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• A[ C Int(Ai) 

• dA[ and dB[ are identified so that C,j<^^ = Cb'^ 

• Bi = {Ai)bi /A' the Z-handlebody obtained from Ai by replacing A[ 
byB[. 

Set D' = {M-n-{A'^,B[),{A2,B2), . . . ,{An,Bn)) . Then [D'] = [D] while, for 
any Jacobi diagram T , 

e{D';T)=e{D;T). 

Sublemma 4.28 Under the hypotheses of Lemma \4.27l let 

dA,: H2{Ai,dAi) ^ Ca, 
dA'^: H2{A[,dA[) ^ 

denote the isomorphisms induced by the long exact homology sequences. Let 

iA,: H2{Ai,dAi) ^ H2{Ai,Ai\lnt{A[)) 
iA'^: H2{A[,dA[) ^ H2{Ai,Ai\lnt{A[)) 

be the homomorphisms induced by the inclusion maps. Then ij^i^ is an isomor- 
phism by the excision axiom. Set 

$ = dA[ o i-} o o d^l : Ca-, Ca'^. 

Then 

{l{A\,B[))o{0^<^>)=I{Ai,Bi). 

Proof of Lemma 14.271 assuming Sublemma 14.281 The assertion [D'] = 
[D] is obvious. Since ^(M^^/y^J = /^(M^//^/^), it suffices to prove that 

i{D-T)=i{D';T) 

when n = 2A; is even and when F is a degree k Jacobi diagram. Set D = 
{M;2k-l;{Ai,Bi)i=2,...,2k)- Let 

u: Hi{A[) ^ Hi{Ai) 

be the map induced by the inclusion map of A[ into Ai . By Lemma [4.221 there 
exists a linear form 

3 

£A,iD;T) G {(^HiiAi))* 

such that 

i{D-T) = {{^^^^l){l{Ai,Bi)) , lAAD^r)) 
i{D';T) = {{^^{i,o^-})){l{A[,B[)),eA^{D;r)). 
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The following diagram is commutative 

H,{A[) 

HMi) ^ c\^. 

Indeed both compositions, seen as elements of (yHi{A'^)®CA-i) , map ([6], [a]) G 
Hi{A'-^) X Cai to the algebraic intersection in Ai of a surface bounded by a 
and of the curve b. Thus, 

( {t. o 9^-/)) (x(^;, s;)) = ( 0^ y.:^^^) (x(a;, so o {(^^^)) . 

By Sublemma 14.281 the lemma follows. □ 

Proof of Sublemma 14.281 Let ai , 02 and 03 be three oriented curves in 
dAi that represent elements of Ca-^ still denoted by ai , 02 and 03 such that 
the curves Oj do not intersect each other. Let a'i,a'2^a'^ be oriented curves in 
dA'i that represent the elements $(aj) of Ca'^ such that the curves do not 
intersect each other. For any i € {1,2,3}, the curves Oj and a[ cobound an 
oriented surface in Ai \Int(j4']^). The curve a[ bounds an oriented surface 
o"^, in A']^ and bounds an oriented surface a^, in i?[ . Set 

Si= (a^, US*)u(-(S*Ua^,)) C ^iU(-5i) 

5;= ' ^V^u(-a^,) ' c A;u(-i?;). 

Set 

Ja'^b', = {l{A'^,B[)){^{ar)®^a2)®naz)) 

Ja^b^ = Si)) (ai (8)02 (8)03) • 

By definition, JaiB^ is the intersection in Ai U {—Bi) of the oriented surfaces 
Si and cT^'^B^ is the intersection in A'^ U {—B'^) of the oriented surfaces S[. 

Then ^JTaiBi — Ja'^bj) is the contribution of the intersection of the surfaces 

E* U (— S*). This contribution vanishes when A'^ = Sj because I{Ai,Ai) = 
T{A't^,A'-y) = by Lemma 14.251 Hence it always vanishes. □ 

Proof of Theorem 13.51 Lemmas 14.111 14.121 and 14.261 allow us to reduce the 
proof to the case of an LP-surgery D = (^M;n; {Ai,Bi)^ where Bi is obtained 
from Ai by a surgery on a y-graph embedded in Ai . By Lemma 14.271 D can 
next be considered as an LP-surgery induced by an n-component y-link in 
M . Then Theorem 13.51 follows from Proposition 14.241 □ 
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A The IHX relation 



For self-containedness, we finish the proof of Theorem 12. II bv proving that 
factors through the IHX relation. This is a consequence of the following propo- 
sition. 

Proposition A.l Let Gi he an oriented Y-link in a Z-sphere M that admits 
the foUowing two-component suhhnk Ii . For i = 2,3, let Gi be obtained from 
Gi by changing Ii into Ii. The four leaves a, b, c and d are identical. 



Proof First recall that ProDosition l4.13] imDlies that the actual embeddings of 
the y-graph edges do not affect the y-link brackets. Therefore these embed- 
dings will not be specified in the proof below. Consider an embedded product 
Dabc ^ [0, 1] of the three-hole disk Date whose three inner boundary components 
are a, b and c, and the three generators of TTi{Dabc), ct, (3 and 7. We first 
prove that there exists some two-component y-link Ji in (M \ (Gi that 
is obtained from Ii by changing (the edge adjacent to d and) the leaves a, b 
and c into leaves a(l), 6(1) and c(l) that are homologous to a, b and (— c) in 
(M \ {Gi respectively, such that surgery on Ji makes a pack T of surgery 

arcs in a surgered disk bounded by d describe the element [/3a/3~^, [y,P]] of 
T^iiDabc) in Dabc X [0, 1] in an ascending way with respect to the height of [0, 1] . 

Indeed the second part of the following picture shows such a path that is as- 
cending (after sliding two tongues), and that cobounds a genus one surface with 
the initial shown portion of T . 




Then 



[(M;Gi)] + [(M;G2)] + [(M;G3)] =0. 
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Therefore by Lemma [4.41 this path is obtained from T by surgery on a y-graph 
with leaves d, a(l) and /, where a(l) and / are the two dashed handle cores 
of the genus one surface, a(l) is homotopic to /3a/3~^, and / is homotopic to 
[/9,7] . Thus, / is obtained from a trivial leaf /o by surgery on a y-graph, with 
one trivial leaf that makes a Hopf link together with /o , and two other leaves 
6(1) and c(l) that do not link a(l) and that are homotopic to (3 and 7^^, 
respectively, as Lemma 14.41 and the next picture show. 




Similarly, for i = 2 or 3, there exists a two-component y-link Jj, that is 
obtained from Ij by changing (the edge adjacent to d and) the leaves a, b and 
c into leaves a(i), b{i) and c(i) that are homologous to a{i)a, (3{i)b and c in 
(M\(Gi\Ii)), respectively, where a(i),/3(i) € {—1,1}, and a(i)/3(i) = — 1, 
such that surgery on Jj makes a pack T of surgery arcs in a surgered disk 
bounded by d describe the element of TTi{Dabc), [7/57~^) [«) 7]] for i = 2, or 
[a'ya~^ , [(3, a]] for i = 3, in Date x [0, 1] in an ascending way with respect to 
the height of [0,1]. 

In particular, the following identity in the free group generated by a, /? and 7 
-whose verification is straightforward- 

iPap-' , [7, 13]] [7/37"' , [a, 7]] [«7«"' , [P, «]] = 1 
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ensures that the surgery on Ji U J2 U J3 is trivial. 
Therefore, if Hi is obtained from Gi by changing /j into Ji , 

[Mj,u.j„Hs] + [Mj, , H2] + [M, Hi] 

(MJUJ1UJ2UJ3 — AfjuJiUJ2 
+Mjuj,uJ2 - Mjuj, 1 = 0. 
+MjuJi - Mj 

Furthermore, Proposition 14. 13l ensures that 



[{M;Gi)] = -[iM;Hi)] = -[(Mu,<,j,; if,)], 
and ahows us to conclude the proof. □ 

This proof shows how the Jacobi IHX relation comes from the Lie algebra 
structure on the graded space associated to the lower central series of a free 
group. See jMKSj . 
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